We give the graphical notion of crossed modules of Hopf algebras -will be called Hopf crossed modules for short-in a symmetric monoidal category. We use the web proof assistant Globular to visualize our (colored) string diagrams. As an application, we introduce the homotopy of Hopf crossed module maps via Globular, and give some of its functorial relations.
Introduction
A crossed module of groups is given by a group homomorphism ∂ : E → G together with an action of G on E satisfying the following relations for all e, f ∈ E, and g ∈ G:
∂(g e) = g ∂(e) g −1 and ∂(e) f = e f e −1 .
The essential example of a crossed module comes from a normal subgroup N G with an inclusion map where the action is defined by conjugation. Thus crossed modules can be considered as a generalization of normal subgroups. Crossed modules are introduced by Whitehead [24] as an algebraic model for homotopy 2-types. Another result is that, the category of crossed modules is also naturally equivalent to that of cat 1 -groups proven in [14] . This property leads to a groupoid structure as an example of strict 2-groups. Crossed modules are also appear in the context of simplicial homotopy theory, since they are equivalent to the simplicial groups with Moore complex of length one. An essential result of this equivalence is that the homotopy category of n-types is equivalent to the homotopy category of simplicial groups with Moore complex of length n − 1, which are also the algebraic models for n-types.
A braided monoidal category [13] (or braided tensor category) is a monoidal category [21] with an isomorphism τ x,y : A ⊗ B → B ⊗ A called "braiding" satisfying the certain hexagon diagrams. Graphically this braiding will be denoted by:
where we have made the convention that the diagrams are to be read from top to bottom. Furthermore, a braided monoidal category will be called a symmetric monoidal category if the braiding (1.1) has the following property: = The well-known examples of symmetric monoidal categories are Vect, Set, and Cat.
A Hopf algebra [22] can be considered as an abstraction of the group algebra (of a group) and the universal enveloping algebra (of a Lie algebra). There exists a wide variety of variations of Hopf algebras by relaxing its properties or adding some extra structures, for instance, quasi-Hopf algebras [2, 6] , quasi-triangular Hopf algebras [17] , quantum groups [17, 18] , the Leibniz-Hopf algebras and its dual [3, 4, 12] , the Steenrod algebras [5, 19] , Hopfish algebras [23] , etc. Most of these notions make sense via Tannaka duality by the properties and structures on the corresponding categories. Hopf algebras are first defined over vector spaces. However, as a consequence of the relation between the category of vector spaces and monoidal categories, any Hopf algebra can also be defined over both symmetric monoidal categories and (arbitrary) braided monoidal categories; see [16] for details. The notion of Hopf crossed modules is introduced by Majid in [15] which is given by a Hopf algebra morphism ∂ : I → H where I is an H-module algebra and coalgebra satisfying two Peiffer relations with an additional compatibility law that is less restricted case than being cocommutative. For any Hopf algebra H, an element x ∈ H is said to be
Therefore, we have the functors ( ) * gl : {Hopf Algebras} → {Groups} Prim : {Hopf Algebras} → {Lie Algebras} which preserve the crossed module structure [11] and can be extended to the corresponding functors ( ) * gl : {Hopf Crossed Modules} → {Group Crossed Modules} Prim : {Hopf Crossed Modules} → {Lie Algebra Crossed Modules}.
Globular [1] is an online proof assistant for finitely-presented semistrict globular higher categories which currently operates up to the level of 4-categories. It allows one to formalize higher-categorical proofs and visualize them as string diagrams, and share them in public.
In this paper, we present the graphical calculus of Hopf crossed modules over any symmetric monoidal category, by using (colored) string diagrams via Globular. As an application, we introduce the homotopy of Hopf crossed module morphisms and prove that the functors ( ) * gl and Prim preserve the homotopy, from which we get the corresponding groupoid functors.
Hopf Algebraic Conventions
We recall some notions from [15, 16] in a graphical point of view. From now on, C will be a fixed symmetric monoidal category and all Hopf algebras will be defined over it. We use the convention appears in [8] . 
Hopf Algebra Action
Suppose that I is a bialgebra (not necessarily a Hopf algebra) and H is a Hopf algebra. We say that I is an H-module algebra if there exists a left action ρ : H ⊗ I → I of H on I such that the following conditions hold:
In the above context, H-module algebra means a monoid in the category of H-modules. This requires the multiplication I ⊗ I → I to be an H-module morphism which yields the corresponding conditions above. Similarly, an H-module coalgebra means a comonoid in the same category, equivalently the action ρ : H ⊗I → I needs to be a coalgebra morphism.
Definition 2.2 (Adjoint Action)
. If H is a cocommutative Hopf algebra, then H itself has a natural H-module algebra and coalgebra structure which is given by the "adjoint = Remark that, we need the compatibility condition to make the coproduct an algebra morphism.
Hopf Crossed Modules
The non-diagrammatic version of the following notions appear in [11, 15] .
Definition 3.1. A Hopf crossed module is a Hopf algebra morphism ∂ : I → H:
where I is an H-module algebra and coalgebra such that the followings hold:
• Compatibility condition:
= ,
• Pre-crossed module condition:
• Peiffer identity (crossed module condition):
= .
Let ∂ : I → H and ∂ : I → H be two Hopf crossed modules and respectively. A crossed module morphism is a pair
of Hopf algebra morphisms f 1 : I → I and f 0 : H → H such that
Therefore we have the category of Hopf crossed modules.
Strict Quantum 2-Groups
A strict quantum 2-group is a pair of Hopf algebras (H 1 , H 0 ) with the Hopf algebra morphisms s, t : H 1 → H 0 and e : H 0 → H 1 respectively, , , which satisfies = = together with an associative product which forms an embedded quantum groupoid; see [15] for details.
Remark 3.2.
For a given Hopf crossed module ∂ : I → H, there exists a strict quantum 2-group (H 1 , H) where H 1 is the smash product. However the converse is not true; namely we cannot get a Hopf crossed module structure via a strict quantum 2-group. At this point the braided crossed module notion appears, see [15, 20] for more details.
Globular Application: Homotopy Theory
From now on, all Hopf algebras will be colored black. Moreover, we just consider the category of cocommutative Hopf algebras over a symmetric monoidal category. This restriction will lead us to generalize the homotopy theory of crossed modules of groups and of Lie algebras in the sense of the functors: ( ) * gl : {Hopf Algebras} → {Groups} , Prim : {Hopf Algebras} → {Lie Algebras}. Proof. It is clear that g 0 , g 1 are coalgebra morphisms since Γ is a coalgebra morphism. Also they are algebra morphisms [7] . Therefore they are bialgebra morphisms; and furthermore Hopf algebra morphisms from (4.2). Proof. It is already proved in [7] that the condition (3.1) holds. Also by using (4.3), the action is preserved, namely the condition (3.2) is satisfied. 
Derivation and Homotopy

A Groupoid Structure
Let f = (f 1 , f 0 ) : A → A be a Hopf crossed module morphism. By letting Γ be the zero morphism, we get a derivation which connects f to itself. Also, the antipode of a derivation which connects f to g is again a derivation connecting g to f . Moreover, let f, g, k be Hopf crossed module morphisms between A → A , where Γ is a derivation connecting f to g, and Γ is a derivation connecting g to k. Then the map ·(Γ ⊗ Γ )∆ defines a derivation which connects f to k. These yield the following theorem. 
Review by Sweedler's notation
In Sweedler's [22] notation, we denote the coproduct of a Hopf algebra by:
We can easily obtain some applications and categorical properties of the previous notions by using this notation. Hence the derivation (4.1) can also be expressed by the formula which is given in [10] for the case of groups.
On the other hand, by using the properties of the functor Prim, the formula (5.1) will be turned into which is given in [9] for the case of Lie algebras.
Recall Theorem 4.7; and the groupoid structures in [9, 10] for the case of groups and Lie algebras. As a result of the previous theorem we have the following. 
